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$v\in\Sigma fin$ $0_{v}$ $F_{v}$ $\pi_{v}$ $q_{v}$
$v\in\Sigma$ $||_{v}$ $||= \prod_{v\in\Sigma}||_{v}$
$A^{\cross}$ $A^{1}=\{a\in \mathbb{A}^{\cross}||a|=1\},$ $(\mathbb{R}^{\cross})^{0}=\{x\in \mathbb{R}|x>0\}$




$L^{S}(s, \chi)=\prod_{v\not\in S}L_{v}(s, \chi_{v})) L(s, \chi)=\prod_{v\in\Sigma}L_{v}(s, \chi_{v})$
$L^{S}(s, \chi)$ $L(s, \chi)$ Re(s) $>1$ s-
$1_{F}$ $F^{\cross}\backslash \mathbb{A}^{1}$
$\zeta_{F}^{S}(s)=L^{S}(s, 1_{F}) , \zeta_{F}(s)=L(s, 1_{F})$
$\zeta_{F}^{S}(s)$ $\zeta_{F}(s)$ $s=1$ 1 $\chi\neq 1_{F}$ $L^{S}(s, \chi)$ $L(s, \chi)$
$s=1$ $c_{F}$ $\zeta_{F}(s)$ $s=1$
$c_{v}=[Matrix]$
$G$
$M=\{[Matrix]\in G\}, N=\{[Matrix]\in G\}$
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$P=MN$ $G$ $M$ Levi
$H_{M}$ : $M(\mathbb{A})arrow \mathbb{R}$ $H_{M}((\begin{array}{ll}a 00 a^{-1}\end{array}))=\log|a|$ $G(\mathbb{A})$
$K=\prod_{v\in\Sigma}K_{v},$
$K_{v}=SU(2)(v\in\Sigma_{\mathbb{C}})$ , $K_{v}=SO(2)(v\in\Sigma_{\mathbb{R}})$ , $K_{v}=SL(2, \mathfrak{O}_{v})(v\in\Sigma fin)$
$H_{P}:G(\mathbb{A})arrow \mathbb{R}$ $H_{P}(mnk)=H_{M}(m),$ $m\in M(\mathbb{A})$ ,
$n\in N(\mathbb{A}),$ $k\in K$ $G(\mathbb{A})$ $dg$ $K$





$dm/d^{1}m$ $H_{M}$ $\mathbb{R}$ $M(\mathbb{A})^{1}$
$d^{1}m$
$vo1_{G}=\int_{G(F)\backslash G(\mathbb{A})}dg, vo1_{M}=\int_{M(F)\backslash M(A)^{1}}d^{1}m$
$G(\mathbb{A})$ $\mathbb{R}$
$\hat{\tau}_{P}$
$\hat{\tau}_{P}(t)=\{\begin{array}{l}1if t>0,0 if t\leq 0\end{array}$
$C_{c}^{\infty}(G(\mathbb{A}))$ $G(\mathbb{A})$
$T\in \mathbb{R}$ $f\in C_{c}^{\infty}(G(\mathbb{A}))$
$J_{unip}^{T}(f)$
$K_{G,unip}(g, h)= \sum_{\gamma\in 0_{unip}}f(g^{-1}\gamma h) , K_{P,unip}(g, h)=\int_{N(\mathbb{A})}f(g^{-1}nh)dn$
( $0_{unip}$ $G(F)$ ) .





$\int_{K_{v}}dk_{v}=1$ # $K_{v}$ $dk_{v}$ $d_{X}$ $\int_{\mathbb{A}/F}d_{X=}1$
$\mathbb{A}$ dx $F_{v}$ $v\in\Sigma fin$
$\int_{0_{v}}dx_{v}=1$ $d_{X}=\prod_{v\in\Sigma}dx_{v}$
$\Sigma_{\infty}$ $F$ $S$ $F_{S}= \prod_{v\in S}F_{v},$ $K=\prod_{v\in S}K_{v}$
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$F_{S}$ $\prod_{v\in S}dx_{v}$ , Ks $\prod_{v\in S}dk_{v}$
$\psi^{S}$
$\prod_{v\not\in S}K_{v}$
$C_{c}^{\infty}(G(F_{S}))\ni f_{S}arrow f_{S}\psi^{S}=f\in C_{c}^{\infty}(G(A))$
$f_{S}\psi^{S}$
$f_{S}\in C_{c}^{\infty}(G(F_{S}))$ $f_{S}\psi^{S}=f\in C_{c}^{\infty}(G(\mathbb{A}))$
$||_{S}= \prod_{v\in S}||_{v}$
$\ovalbox{\tt\small REJECT}=(\begin{array}{ll}1 x0 1\end{array})$
$G$
$J_{G}(1, f_{S})=f_{S}(1) , J_{M}(1, f_{S})= \int_{K_{S}}\int_{F_{S}}f_{S}(k^{-1}u_{x}k)\log|x|_{S}dxdk,$




$J_{unip}(f_{S} \psi^{S})=vo1_{G}J_{G}(1, f_{S})+\frac{vo1_{M}}{2}J_{M}(1, f_{S})+\sum_{x\in F^{\cross}/(F_{S}^{\cross})^{2}\cap F^{\cross}}a^{G}(S, u_{x})J_{G}(u_{x}, f_{S})$
$a^{G}(S, u_{x})$
$u$ $a^{G}(S, u)$
$a^{G}(S, u)$ $GL$ (2)
[JL, GJ, FL] $s=1$







$c_{F}(S, \chi)=\lim_{sarrow 1}\frac{d}{ds}(s-1)L^{S}(s, \chi)$
$c_{F}(S, \chi)$ $L^{S}(s, \chi)$ $s=1$ $\chi$
$c_{F}(S, \chi)=L^{S}(1, \chi)$ $\chi=\prod_{v\in\Sigma}\chi_{v}$
$\chi_{S}=\prod_{v\in S}\chi_{v}$
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1. [LL]. $x\in F^{\cross}$
$a^{G}(S, u_{x})= \frac{vo1_{M}}{2c_{F}}\sum_{\chi}\chi_{S}(x)c_{F}(S, \chi)$
$\chi=\prod_{v\in\Sigma}$ $\chi$ v $\not\in S$ $\chi$
2
Proof.
$J_{unip}^{T}(f)=vo1_{G}f(1)+\zeta^{G}(\phi, 1, T)$ ,
$\zeta^{G}(\phi, s, T)=\int_{F^{\cross}\backslash A^{\cross}}|a^{2}|^{s}\{\sum_{x\in F^{X}}\phi(xa^{2})-\hat{\phi}(0)\hat{\tau}_{P}(-\log|a|-T)\}d^{\cross}a,$
$\phi(x)=\int_{K}f(k^{-1}u_{x}k)dk, \hat{\phi}(0)=\int_{\mathbb{A}}\phi(x)dx$
$M(\mathbb{A})$ $\mathbb{A}^{\cross}$ $(\begin{array}{ll}a 00 a^{-1}\end{array})\mapsto a$ $dm$ $\mathbb{A}^{\cross}$
$d^{\cross}a$ $\mathbb{A}$ $dx$ $dn$
$\zeta^{G}(\phi, s, T)$ ${\rm Re}(s)>0$
$vo1_{G}f(1)$
$\zeta^{G}(\phi, s)=\int_{F^{\cross}\backslash \mathbb{A}^{\cross}}|a^{2}|^{s}\sum_{x\in F^{\cross}}\phi(xa^{2})d^{\cross}a$
$\zeta^{G}(\phi, s)$ ${\rm Re}(s)>$
$1$
$s$-
$\zeta^{G}(\phi, 1, T)$ $\zeta^{G}(\phi_{\mathcal{S}})$
$\zeta^{G}(\phi, 1, T)=\lim_{sarrow 1}\frac{d}{ds}(\mathcal{S}-1)\zeta^{G}(\phi, s)+vo1_{M}\hat{\phi}(0)T.$
[GJ, TW]
$\zeta^{G}(\phi, s)$
Labesse Langlands $\chi$ $\mathbb{A}^{1}/F^{\cross}$
$\zeta(\phi, s, \chi)=\int_{F^{\cross}\backslash \mathbb{A}^{\cross}}|a|^{s}\chi(s)\sum_{x\in F^{\cross}}\phi(xa)d^{\cross}a=\int_{A^{x}}|a|^{s}\chi(a)\phi(a)d^{\cross}a$
${\rm Re}(s)>1$ $\zeta(\phi, s, \chi)$ $s$-
$(F^{\cross})^{2}\backslash F^{\cross}$ $(F^{\cross})^{2}\backslash \mathbb{A}^{1}$
Labesse Langlands (cf. [LL])
(1) $\zeta^{G}(\phi, s)=\frac{1}{2}\sum_{\chi}\zeta(\phi, s, \chi)$ .
$\chi$ 2 $\phi$ $\chi$
(1) $ $ [Wright] [LL]
$\chi\neq 1_{F}$
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$\zeta(\phi, s, \chi)$ $s=1$ $\zeta(\phi, s, 1_{F})$ $s=1$





$\forall v\not\in S$ $\chi_{v}$
$\zeta(\phi, s, \chi)=\frac{vo1_{M}}{c_{F}^{S}}L^{S}(s, \chi)\zeta_{S}(\phi_{S}, s, \chi_{S})$
$\exists v\not\in S$ $\chi_{v}$ $\zeta(\phi, s, \chi)=0$ $1_{S}$
$F_{S}^{\cross}$ $\zeta_{S}(\phi_{S}, s, 1_{S})$ $s=1$
$\lim_{sarrow+1}\frac{d}{ds}(s-1)\zeta(\phi, s, 1_{F})=\lim_{sarrow+1}\frac{d}{ds}(s-1)\frac{vo1_{M}}{c_{F}^{S}}\zeta_{F}^{S}(s)\zeta_{S}(\phi_{S}, s, 1_{S})$
$= \frac{vo1_{M}}{c_{F}^{S}}\cross Residue_{s=1}\zeta_{F}^{S}(s)\cross\frac{d}{ds}\zeta_{S}(\phi_{S}, s, 1_{S})|_{s=1}$
$+ \frac{vo1_{M}}{c_{F}^{S}}\cross\lim_{sarrow+1}\frac{d}{d{}_{c}S}(s-1)\zeta_{F}^{S}(s)\cross\zeta_{S}(\phi_{S}, 1,1_{S})$
$= vo1_{M}\frac{d}{ds}\zeta_{S}(\phi_{S}, s, 1_{S}).|_{s=1}+\frac{vo1_{M}}{c_{F}}c_{F}(S, 1_{F})c_{S}\zeta_{S}(\phi_{S}, 1,1_{S})$
$= vo1_{M}J_{M}(1, f_{S})+\frac{vo1_{M}}{c_{F}}c_{F}(S, 1_{F})\sum_{x\in F_{S}^{x}/(F_{S}^{\cross})^{2}}J_{G}(u_{x}, f_{S})$
$x\neq 1_{F}$ $\forall v\not\in S$ $\chi_{v}$
$\zeta(\phi, 1, \chi)=\frac{vo1_{M}}{c_{F}}c_{F}(S, \chi)\sum_{x\in F_{S}^{\cross}/(F_{S}^{\cross})^{2}}\chi_{S}(x)J_{G}(u_{x}, f_{S})$
1 $SL$ (2)





$L$ 2 $\chi$ $F$ 2
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$\vdash-$ $H=R_{L/F}^{(1)}(\mathbb{G}_{m})$ $SL$ (2) (elliptic endoscopic group)
2 $\chi$ $f^{H}$ $f$ $H$
$\zeta(\phi, 1, \chi)=L(1, \chi)f^{H}(1)$
$SL$ (2)
2 $\chi_{S}(x)c_{F}(S, \chi)$ $G$
(cf. [TW]). $F=\mathbb{Q}$
$\Gamma_{0}(N)$ $\Gamma(N)$
2 $J_{G}(u, f_{S})(u\neq 1)$
(cf. [Shimizu2]). $J_{G}(u, f_{S})(u\neq 1)$
$SL(2, \mathbb{F}_{p})\cong$ $SL(2, \mathbb{Z})/\Gamma(p)(p$ $\mathbb{F}_{p}$
$p$ ) $\Gamma(p)$
Hecke (cf. [Hecke]). Eichler
(cf. [Eichler]).
$L(1, \chi)$ [LL] Hecke
(see, e.g., [Saitol]).
$F$ $([F:\mathbb{Q}]\geq 2)$ ( $\Sigma_{\infty}=\Sigma_{\mathbb{R}}$ ).
Shimizu
(cf. [Shimizul]). simple
trace formula $J_{M}(1, f_{S})$ $L$
$L(M_{\nu}, V_{\nu}, s)$ $n=[F:\mathbb{Q}],$ $N$ $v$
$F$ $M$ $V_{\nu}$
$L(M_{\nu}, V_{\nu}, s)= \sum_{\mu\in M_{\nu}/V_{\nu}}\frac{sgn(N(\mu))}{|N(\mu)|^{s}}$
$L$ Shimizu
$L(M_{\nu}, V_{v}, 1)$ $\prod_{v\in\Sigma_{\infty}}$ $M_{\nu}$
$d(M_{\nu})$
$\frac{i^{n}}{(2\pi)^{n}}d(M_{\nu})L(M_{\nu}, V_{\nu}, 1)$
(cf. [Shimizul, p.63]). $SL(2, D)$
$d$ $\mathbb{Q}$ $F$ Hammond Hirzebruch
$\frac{i^{n}}{(2\pi)^{n}}\sum_{\nu}d(M_{\nu})L(M_{\nu}, V_{\nu}, s)=\frac{i^{n}d^{1/2}}{\pi^{n}}\sum_{\chi}L(s, \chi)$
(cf. [HH]). $\chi$ $=$ sgn









$\frac{i^{n}}{(\pi)^{n}}\sum_{\nu}d(M_{\nu})L(l\downarrow l_{\nu}, V_{\nu}, 1)$ (cf. [Hirzebruch]).











$\mathcal{G}=Sp(2)=\{g\in GL(4) tg(\begin{array}{ll}O_{2} I_{2}-I_{2} O_{2}\end{array})g=(\begin{array}{ll}O_{2} I_{2}-I_{2} O_{2}\end{array})\}$
$O_{m}$ $m$ $m$
$\mathcal{G}$ $a^{\mathcal{G}}(S, u)$ [HW]






$\mathbb{A}^{1}/F^{\cross}$ 2 $\chi_{d}=\prod_{v}$ $\chi$d,
$\mathfrak{Q}(F)=\{\check{d}\in F^{\cross}/(F^{\cross})^{2}|d\in F^{\cross}-(F^{\cross})^{2}\}$
$d_{S}\in F_{S}^{\cross}$









[Saito3, Section 2] $\xi^{S}(s;d_{S})$
$\xi^{S}(s;d_{S})$ $s$ - [Yukie]
$\xi^{S}(\mathcal{S};d_{S})$ $s=3/2$ 1 (cf. [HW]).
$\mathcal{G}$ (i) (unit), (ii) (minimal), (iii)
(subregular), (iv) (reguIar) (ii) (iii) (iv)
$n_{\min}(\alpha)=(\begin{array}{llll}1 0 \alpha 00 1 0 00 0 1 00 0 0 l\end{array}),$ $n_{sub}(x)=(\begin{array}{ll}I_{2} xO_{2} I_{2}\end{array}),$ $n_{reg}(\alpha)=(\begin{array}{llll}1 1 0 \alpha 0 1 0 \alpha 0 0 1 00 0 -1 1\end{array})$
$n_{sub}(x)\in \mathcal{G}$ $x$ $V^{0}(F)$ $F$
2 $x\in V^{0}(F)$ $\epsilon$ $(x)$ $F_{v}$
$V^{0}(F)$ $\sim s$
$x\sim sy\Leftrightarrow$ $\det(x^{-1}y)\in(F_{S}^{\cross})^{2}$ $\epsilon_{v}(x)=\epsilon_{v}(y)(\forall v\in S)_{\lrcorner}$
$\mathcal{G}(F)$ $\mathcal{G}(F_{S})$- $(\mathcal{U}_{\mathcal{G}}(F))_{\mathcal{G},S}$
$(\mathcal{U}_{\mathcal{G}}(F))_{\mathcal{G},S}=\{1, n_{\min}(\alpha), n_{sub}(x), n_{reg}(\alpha)|\alpha\in F^{\cross}/(F^{\cross}\cap(F_{S}^{\cross})^{2})x\in V^{0}(F)/\sim s’\}$
$M_{0}$ $\mathcal{G}$ Levi [HW]
$M_{1}$ Levi $M_{2}$ Levi
[HW] $\mathfrak{a}_{M_{0}}$ $\mathfrak{a}_{M_{1}}$ $\mathfrak{a}_{M_{2}}$ $vo1_{M_{0}}$
$vo1_{M_{1}}$ $vo1_{M_{2}}$ [HW]
2. $\alpha\in F^{\cross}$
$a^{\mathcal{G}}(S, n_{\min}( \alpha))=\frac{vo1_{M_{2}}}{2c_{F}}\sum_{\chi}\chi_{S}(\alpha)L^{S}(2, \chi)$ ,
$\chi=\prod_{v\in\Sigma}\chi_{v}$ $v\not\in S$ $\chi_{v}$ $\mathbb{A}^{1}/F^{\cross}$ 2
$x\in V^{0}(F)$
$a^{g}(S, n_{sub}(x))= \frac{vo1_{M_{1}}}{2c_{F}}\mathfrak{C}_{F}(S, -\det(x))+\frac{vo1_{M_{1}}}{2c_{F}}(\prod_{v\in S}\epsilon_{v}(x))\sum_{\check{d}\in \mathfrak{Q}^{ur}(F,S,-\det(x))}L^{S}(1, \chi_{d})$
$+ \frac{vo1_{M_{1}}}{2c_{F}}\{\begin{array}{ll}\zeta_{F}^{S}(3)^{-1}\frac{d}{ds}\zeta_{F}^{S}(s)|_{8=3} x\sim sX1 0 x\eta^{6}s\mathfrak{x}_{1} \end{array}$
$\mathfrak{x}_{1}=(\begin{array}{ll}1 00 -1\end{array})$ $\mathfrak{C}_{F}(S, \alpha)$ $\xi^{S}(s;\alpha)$ $s=3/2$
$\mathfrak{Q}^{ur}(F, S, d_{S})=$ { $\check{d}\in \mathfrak{Q}(F, S, d_{S})|\chi_{d,v}$ $v\not\in S$ }
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$\alpha\in F^{\cross}$
$a^{\mathcal{G}}(S, n_{reg}( \alpha))=\frac{vo1_{M_{0}}}{4c_{F}^{2}}\sum_{\chi}\{2c_{F}(S, \chi)c_{F}(S, 1_{F})+w(\chi)c_{F}’(S, \chi)c_{F}^{S}\}\chi_{S}(\alpha)$ ,








quasi-split $SO(4, \chi_{d})$ $a^{\mathcal{G}}(S, n_{\min}(\alpha))$ $\mathcal{G}$
$SO(4, \chi_{d})$ $a^{\mathcal{G}}(S, n_{sub}(x))$ $L^{S}(1, \chi_{d})$
$SL$ (2) $\cross$ $SO(2, \chi_{d})$ $a^{\mathcal{G}}(S, n_{reg}(\alpha))$ $SO(4, \chi_{d})$
$SL$ (2) $\cross SO(2, \chi_{d})$
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